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Why Should We Care? il
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* There are plenty of physically important functions that cannot be
integrated analytically (e.g., a Gaussian)

d divD = 4 tE = 108
_p:F ivD = 4mp rot E = ey
dt
Lwﬁwfm div B =
tH_47T_+10D
o _c] c Ot

 Numerical solution of differential equations implies their
integration
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Why Should We Care? il
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* There are plenty of physically important functions that cannot be
integrated analytically (e.g., a Gaussian)

d divD =4 tE = 198
_p:F ivD = 4mp rot E = oy
dt
tH_47T_+10D
ro _c] c Ot

 Numerical solution of differential equations implies their
integration

We should learn how to integrate numerically
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Geometrical Meaning of the Integral

The integral evaluates the area under the graph of function f(x)

b
S=Jf(x)dx Ay

the integrand function
e w/
-
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Geometrical Meaning of the Integral

LUXEMBOURG

The integral evaluates the area under the graph of function f(x)

b
S=Jf(x)dx Ay

the integrand function

If there exists a function F(x) such / f (X)
that F'(x) = f(x), then Newton- -

Leibnitz rule holds:
b
S = ff(x) dx = F(b) — F(a) S
a
F(x) is called the antiderivative I —
of the function f(x) a b X
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Geometrical Meaning of the Integral
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The integral evaluates the area under the graph of function f(x)

b
S=Jf(x)dx Ay

the integrand function

If there exists a function F(x) such / f (X)
that F'(x) = f(x), then Newton- -
Leibnitz rule holds:

b

s= [ £ dx=F®) - F(@ S
a
F(x) is called the antiderivative ol A1 X2 “n-1 Xn

of the function f(x) a mh b BX
A uniform partition of [a, b]:
a=xg<x; <Xp..<Xp_1 <Xp=>b, X; —Xi_1=h=(Mb—-—a)/n,fori=1,...,n
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Midpoint Rule i o
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n-—1

5 = fb FO) dx = S = . f (2

=0

Within every subinterval the function f(x) is approximated by the constant value
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Midpoint Rule

n-—1

5 = fb FO) dx = S = . f (2

=0

Within every subinterval the function f(x) is approximated by the constant value

Luxembourg, 13/10/2021

: 0.151
: _
1
1 1
1 1
1 1
; : 0.1-
1 1 T
[ ] 1 1
[ ] 1 1
[ ] [ ] 1 1
[ ] N 1 1
- : . : : 0.051
[ ] 1 [ ] 1 1 b
[ ] 1 [ ] 1 1
[ ] | [ ] 1 1 L ]
[ ] 1 [ ] 1 1 ]
[ ] L] 1 L] [ ] L) 1 * 1 * (] [ ]
' 1 |X3 1 1 '
0 0.2 0.4 0.5 0.5 1

Computational Methods — Lesson 4


mailto:mario.galante@uni.lu

Trapezoidal Rule ni.In
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_ nz_:lf(xi) +f(xi+1).h =f(a) +f(b).
2
i=0

b n—-1
5= [ £00) dx = Serap 2 h+Zlf<xi>-h

Within every subinterval the function f(x) is approximated by a linear function
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Simpson’s Rule i o
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SSimp =

w| s

n n-—1 n
h
'Z(f(le'—z) + 4f (xpi-1) + f(le')) =3 (f(a) + f(b) + 2 2 f(xz) + 42f(x2i—1)>
i=1 =1 =1

Within every subinterval the function f(x) is approximated by a parabola

IMPORTANT! For this method, the grid should contain an even number of
subintervals (i.e., an odd number of points)
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Midpoint Rule: The Error Analysis
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By definition, we can express the integral over [a, b] as a sum:

ff(x)dx_zs —nz:lerlf(x) dx Si=7+1f(x) dx
i=0 x; %;

For its numerical approximation, we have also:

n-1 n-1 n n
- Xi T Xj . Xi T Xj
Smidzzsgmdzzf(L 21+1).h Simld:f(L 2l+1)°h
1=0 1=0

The local error definition:

=lsi—sme) = | [ e ax—r (R
For the following derivation, X+ Xip1 h
it is useful to note that: 2 Nty
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Midpoint Rule: The Error Analysis
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Taylor expansions in the Lagrange form near the left end x;:

Xi T Xig1 h 1 h?
FG) = FG) + F1oG— ) 45 /@G- x| f(F) = fa) + 1 5 + 516 T

Let’s formally integrate the expansion for f(x):

Xit1 Xit+1 B2 B3
= F) R () o (6

"(x. — 1.)2 " — x.)3
j f(x) dx = (f(xl-)~x+f (xl)(; xl) _I_f (El)(g xl) )

Xi
Then for the local error we have:

: h3 h3
0; = |Si _Sz?mdl = ‘f”(ﬁ) 'Z_f”(szz) ) <M:-h’

The global error could be also easily estimated as:

n-—1 n—1
A=1|S—Snial = zsi—zsimid
(=0 =0

n—1 n—1

| < z M3 < nMR3 = M(b — a)h?
=0

|
2%
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b n-1
[rorar = £ (355 hv o) Midpoint rule
a =0

b b n—1

jf(x) dx = /@) erf( )-h + Zf(xi) -h + 0(h?) Trapezoidal rule
a =1

b n—1 n
ff(X) dx = g ° (f(a) + f(b) +2 z fx) + 42f(x21—1)) +0(h*)  Simpson’s rule
a =1 =1

In contrast to the numerical differentiation, round-off errors are not so
important for the numerical integration. Most of the times, we can
neglect them. Thus, the errors of numerical integration mainly arise due

to the truncation error.
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