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Why Should We Care?

2Luxembourg, 13/10/2021 Computational Methods – Lesson 4

• There are plenty of physically important functions that cannot be
integrated analytically (e.g., a Gaussian)

• Numerical solution of differential equations implies their
integration

𝑖𝑖𝑖
𝜕𝜕Ψ
𝜕𝜕𝜕𝜕

= �𝐻𝐻Ψ
𝑑𝑑𝒑𝒑
𝑑𝑑𝑑𝑑

= 𝑭𝑭
div 𝑫𝑫 = 4𝜋𝜋𝜋𝜋

div 𝑩𝑩 = 0

rot 𝑬𝑬 = −
1
𝑐𝑐
𝜕𝜕𝑩𝑩
𝜕𝜕𝜕𝜕

rot 𝑯𝑯 =
4𝜋𝜋
𝑐𝑐
𝒋𝒋 +

1
𝑐𝑐
𝜕𝜕𝑫𝑫
𝜕𝜕𝜕𝜕
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• There are plenty of physically important functions that cannot be
integrated analytically (e.g., a Gaussian)

• Numerical solution of differential equations implies their
integration

We should learn how to integrate numerically

𝑖𝑖𝑖
𝜕𝜕Ψ
𝜕𝜕𝜕𝜕

= �𝐻𝐻Ψ
𝑑𝑑𝒑𝒑
𝑑𝑑𝑑𝑑

= 𝑭𝑭
div 𝑫𝑫 = 4𝜋𝜋𝜋𝜋

div 𝑩𝑩 = 0

rot 𝑬𝑬 = −
1
𝑐𝑐
𝜕𝜕𝑩𝑩
𝜕𝜕𝜕𝜕

rot 𝑯𝑯 =
4𝜋𝜋
𝑐𝑐
𝒋𝒋 +

1
𝑐𝑐
𝜕𝜕𝑫𝑫
𝜕𝜕𝜕𝜕
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Geometrical Meaning of the Integral
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𝑆𝑆 = �
𝑎𝑎

𝑏𝑏

𝑓𝑓 𝑥𝑥 𝑑𝑑𝑑𝑑

The integral evaluates the area under the graph of function 𝑓𝑓 𝑥𝑥

the integrand function
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𝑆𝑆 = �
𝑎𝑎

𝑏𝑏

𝑓𝑓 𝑥𝑥 𝑑𝑑𝑑𝑑

The integral evaluates the area under the graph of function 𝑓𝑓 𝑥𝑥

If there exists a function 𝐹𝐹(𝑥𝑥) such
that 𝐹𝐹′ 𝑥𝑥 = 𝑓𝑓(𝑥𝑥) , then Newton-
Leibnitz rule holds:

the integrand function

𝑆𝑆 = �
𝑎𝑎

𝑏𝑏

𝑓𝑓 𝑥𝑥 𝑑𝑑𝑑𝑑 = 𝐹𝐹 𝑏𝑏 − 𝐹𝐹(𝑎𝑎)

𝐹𝐹(𝑥𝑥) is called the antiderivative
of the function 𝑓𝑓 𝑥𝑥
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𝑆𝑆 = �
𝑎𝑎

𝑏𝑏

𝑓𝑓 𝑥𝑥 𝑑𝑑𝑑𝑑

The integral evaluates the area under the graph of function 𝑓𝑓 𝑥𝑥

If there exists a function 𝐹𝐹(𝑥𝑥) such
that 𝐹𝐹′ 𝑥𝑥 = 𝑓𝑓(𝑥𝑥) , then Newton-
Leibnitz rule holds:

the integrand function

𝑆𝑆 = �
𝑎𝑎

𝑏𝑏

𝑓𝑓 𝑥𝑥 𝑑𝑑𝑑𝑑 = 𝐹𝐹 𝑏𝑏 − 𝐹𝐹(𝑎𝑎)

𝐹𝐹(𝑥𝑥) is called the antiderivative
of the function 𝑓𝑓 𝑥𝑥

𝑥𝑥1 𝑥𝑥2 𝑥𝑥𝑛𝑛−1𝑥𝑥0 𝑥𝑥𝑛𝑛

ℎ

A uniform partition of 𝑎𝑎, 𝑏𝑏 :
𝑎𝑎 = 𝑥𝑥0 < 𝑥𝑥1 < 𝑥𝑥2 … < 𝑥𝑥𝑛𝑛−1 < 𝑥𝑥𝑛𝑛 = 𝑏𝑏, 𝑥𝑥𝑖𝑖 − 𝑥𝑥𝑖𝑖−1 = ℎ = (𝑏𝑏 − 𝑎𝑎)/𝑛𝑛, for 𝑖𝑖 = 1, … ,𝑛𝑛
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Midpoint Rule
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𝑆𝑆 = �
𝑎𝑎

𝑏𝑏

𝑓𝑓 𝑥𝑥 𝑑𝑑𝑑𝑑 ≈ 𝑆𝑆𝑚𝑚𝑚𝑚𝑚𝑚 = �
𝑖𝑖=0

𝑛𝑛−1

𝑓𝑓
𝑥𝑥𝑖𝑖 + 𝑥𝑥𝑖𝑖+1

2
� ℎ

Within every subinterval the function 𝑓𝑓 𝑥𝑥 is approximated by the constant value
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𝑆𝑆 = �
𝑎𝑎

𝑏𝑏

𝑓𝑓 𝑥𝑥 𝑑𝑑𝑑𝑑 ≈ 𝑆𝑆𝑚𝑚𝑚𝑚𝑚𝑚 = �
𝑖𝑖=0

𝑛𝑛−1

𝑓𝑓
𝑥𝑥𝑖𝑖 + 𝑥𝑥𝑖𝑖+1

2
� ℎ

Within every subinterval the function 𝑓𝑓 𝑥𝑥 is approximated by the constant value
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Trapezoidal Rule
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𝑆𝑆 = �
𝑎𝑎

𝑏𝑏

𝑓𝑓 𝑥𝑥 𝑑𝑑𝑑𝑑 ≈ 𝑆𝑆𝑡𝑡𝑡𝑡𝑡𝑡𝑡𝑡 = �
𝑖𝑖=0

𝑛𝑛−1
𝑓𝑓 𝑥𝑥𝑖𝑖 + 𝑓𝑓 𝑥𝑥𝑖𝑖+1

2
� ℎ =

𝑓𝑓 𝑎𝑎 + 𝑓𝑓 𝑏𝑏
2

� ℎ + �
𝑖𝑖=1

𝑛𝑛−1

𝑓𝑓(𝑥𝑥𝑖𝑖) � ℎ

Within every subinterval the function 𝑓𝑓 𝑥𝑥 is approximated by a linear function
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Simpson’s Rule
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𝑆𝑆𝑆𝑆𝑆𝑆𝑆𝑆𝑆𝑆 =
ℎ
3
��
𝑖𝑖=1

𝑛𝑛

𝑓𝑓 𝑥𝑥2𝑖𝑖−2 + 4𝑓𝑓 𝑥𝑥2𝑖𝑖−1 + 𝑓𝑓 𝑥𝑥2𝑖𝑖 =
ℎ
3
� 𝑓𝑓 𝑎𝑎 + 𝑓𝑓 𝑏𝑏 + 2 �

𝑖𝑖=1

𝑛𝑛−1

𝑓𝑓 𝑥𝑥2𝑖𝑖 + 4�
𝑖𝑖=1

𝑛𝑛

𝑓𝑓 𝑥𝑥2𝑖𝑖−1

Within every subinterval the function 𝑓𝑓 𝑥𝑥 is approximated by a parabola

IMPORTANT! For this method, the grid should contain an even number of 
subintervals (i.e., an odd number of points)
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Midpoint Rule: The Error Analysis
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𝑆𝑆 = �
𝑎𝑎

𝑏𝑏

𝑓𝑓 𝑥𝑥 𝑑𝑑𝑑𝑑 = �
𝑖𝑖=0

𝑛𝑛−1

𝑆𝑆𝑖𝑖 = �
𝑖𝑖=0

𝑛𝑛−1

�
𝑥𝑥𝑖𝑖

𝑥𝑥𝑖𝑖+1

𝑓𝑓 𝑥𝑥 𝑑𝑑𝑑𝑑

𝛿𝛿𝑖𝑖 = 𝑆𝑆𝑖𝑖 − 𝑆𝑆𝑖𝑖𝑚𝑚𝑚𝑚𝑚𝑚 = �
𝑥𝑥𝑖𝑖

𝑥𝑥𝑖𝑖+1

𝑓𝑓 𝑥𝑥 𝑑𝑑𝑑𝑑 − 𝑓𝑓
𝑥𝑥𝑖𝑖 + 𝑥𝑥𝑖𝑖+1

2
� ℎ

𝑆𝑆𝑖𝑖 = �
𝑥𝑥𝑖𝑖

𝑥𝑥𝑖𝑖+1

𝑓𝑓 𝑥𝑥 𝑑𝑑𝑑𝑑

The local error definition:

𝑆𝑆𝑚𝑚𝑚𝑚𝑚𝑚 = �
𝑖𝑖=0

𝑛𝑛−1

𝑆𝑆𝑖𝑖𝑚𝑚𝑚𝑚𝑚𝑚 = �
𝑖𝑖=0

𝑛𝑛−1

𝑓𝑓
𝑥𝑥𝑖𝑖 + 𝑥𝑥𝑖𝑖+1

2
� ℎ

𝑥𝑥𝑖𝑖 + 𝑥𝑥𝑖𝑖+1
2

= 𝑥𝑥𝑖𝑖 +
ℎ
2

𝑆𝑆𝑖𝑖𝑚𝑚𝑚𝑚𝑚𝑚 = 𝑓𝑓
𝑥𝑥𝑖𝑖 + 𝑥𝑥𝑖𝑖+1

2
� ℎ

By definition, we can express the integral over [𝑎𝑎, 𝑏𝑏] as a sum:

For its numerical approximation, we have also:

For the following derivation,
it is useful to note that:
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Midpoint Rule: The Error Analysis
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Δ = 𝑆𝑆 − 𝑆𝑆𝑚𝑚𝑚𝑚𝑚𝑚 = �
𝑖𝑖=0

𝑛𝑛−1

𝑆𝑆𝑖𝑖 −�
𝑖𝑖=0

𝑛𝑛−1

𝑆𝑆𝑖𝑖𝑚𝑚𝑚𝑚𝑚𝑚 = �
𝑖𝑖=0

𝑛𝑛−1

𝛿𝛿𝑖𝑖 ≤ �
𝑖𝑖=0

𝑛𝑛−1

𝑀𝑀ℎ3 ≤ 𝑛𝑛𝑛𝑛ℎ3 = 𝑀𝑀 𝑏𝑏 − 𝑎𝑎 ℎ2

𝑓𝑓 𝑥𝑥 = 𝑓𝑓 𝑥𝑥𝑖𝑖 + 𝑓𝑓′ 𝑥𝑥𝑖𝑖 (𝑥𝑥 − 𝑥𝑥𝑖𝑖) +
1
2
𝑓𝑓′′ 𝜉𝜉1 𝑥𝑥 − 𝑥𝑥𝑖𝑖 2 𝑓𝑓

𝑥𝑥𝑖𝑖 + 𝑥𝑥𝑖𝑖+1
2

= 𝑓𝑓 𝑥𝑥𝑖𝑖 + 𝑓𝑓′ 𝑥𝑥𝑖𝑖
ℎ
2

+
1
2
𝑓𝑓′′ 𝜉𝜉2

ℎ2

4

�
𝑥𝑥𝑖𝑖

𝑥𝑥𝑖𝑖+1

𝑓𝑓 𝑥𝑥 𝑑𝑑𝑑𝑑 = �𝑓𝑓 𝑥𝑥𝑖𝑖 � 𝑥𝑥 +
𝑓𝑓′ 𝑥𝑥𝑖𝑖 𝑥𝑥 − 𝑥𝑥𝑖𝑖 2

2 +
𝑓𝑓′′ 𝜉𝜉1 𝑥𝑥 − 𝑥𝑥𝑖𝑖 3

6
𝑥𝑥𝑖𝑖

𝑥𝑥𝑖𝑖+1

= 𝑓𝑓 𝑥𝑥𝑖𝑖 � ℎ + 𝑓𝑓′ 𝑥𝑥𝑖𝑖 �
ℎ2

2 + 𝑓𝑓′′ 𝜉𝜉1 �
ℎ3

6

𝛿𝛿𝑖𝑖 = 𝑆𝑆𝑖𝑖 − 𝑆𝑆𝑖𝑖𝑚𝑚𝑚𝑚𝑚𝑚 = 𝑓𝑓′′ 𝜉𝜉1 �
ℎ3

6
− 𝑓𝑓′′ 𝜉𝜉2 �

ℎ3

8
≤ 𝑀𝑀 � ℎ3

Taylor expansions in the Lagrange form near the left end 𝑥𝑥𝑖𝑖:

Let’s formally integrate the expansion for 𝑓𝑓 𝑥𝑥 :

Then for the local error we have:

The global error could be also easily estimated as:
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Summary
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In contrast to the numerical differentiation, round-off errors are not so
important for the numerical integration. Most of the times, we can
neglect them. Thus, the errors of numerical integration mainly arise due
to the truncation error.

�
𝑎𝑎

𝑏𝑏

𝑓𝑓 𝑥𝑥 𝑑𝑑𝑑𝑑 = �
𝑖𝑖=0

𝑛𝑛−1

𝑓𝑓
𝑥𝑥𝑖𝑖 + 𝑥𝑥𝑖𝑖+1

2
� ℎ + 𝑂𝑂(𝒉𝒉𝟐𝟐)

�
𝑎𝑎

𝑏𝑏

𝑓𝑓 𝑥𝑥 𝑑𝑑𝑑𝑑 =
𝑓𝑓 𝑎𝑎 + 𝑓𝑓 𝑏𝑏

2
� ℎ + �

𝑖𝑖=1

𝑛𝑛−1

𝑓𝑓(𝑥𝑥𝑖𝑖) � ℎ + 𝑂𝑂(𝒉𝒉𝟐𝟐)

�
𝑎𝑎

𝑏𝑏

𝑓𝑓 𝑥𝑥 𝑑𝑑𝑑𝑑 =
ℎ
3
� 𝑓𝑓 𝑎𝑎 + 𝑓𝑓 𝑏𝑏 + 2 �

𝑖𝑖=1

𝑛𝑛−1

𝑓𝑓 𝑥𝑥2𝑖𝑖 + 4�
𝑖𝑖=1

𝑛𝑛

𝑓𝑓 𝑥𝑥2𝑖𝑖−1 + 𝑂𝑂(𝒉𝒉𝟒𝟒)

Midpoint rule

Trapezoidal rule

Simpson’s rule
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