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Part 1 - Midpoint and Trapezoidal Rules

As a first task, I used the midpoint.py script from Moodle to calculate the integral of
f(x) = sin(x) over the interval [0, π]. I used n = 5 integration points and obtained the value
Smid = 2.0523443060. Analytical value of the integral can be easily calculated as San = 2.
Therefore, the error of integration in this case is ∆ = Smid − San = 0.0523443060.

Next, I did the same for the number of grid points from the array N = [5, 10, 20, 30, 50, 100].
The obtained results are presented in Figure 1. As one can see, the integral is overestimated
for any n. I observe gradual convergence of Smid to its analytical value. For example,
when n = 100 the numerical result is correct up to the 4th digit after a comma: S100

mid =
2.0000839191. However, the corresponding integration step h = π/99 ≈ 0.0317 required to
achieve this accuracy is fairly small.

Figure 1: The results for the different number of grid points n for the midpoint (left) and
trapezoidal (right) integration rules.

Next, I implemented the trapezoidal rule by myself and repeated the same calculations as
described for the midpoint method above (please find the code in a separate ’.py’ file).
The results are presented in Figure 1. In this case, I also observe convergence, however,
the integral is now underestimated. To make the comparison of the two methods more
illustrative, I plotted the integration error ∆ vs. the integration step h (Figure 2, left). It
can be seen that both midpoint and trapezoidal rules have similar scaling of the error with
h as they should have theoretically. However, as I noted above, the difference between them
is in the sign of the error.

Then, I have repeated the same calculations for a new function g(x) = 3x2 over the interval
[0, 2] using both midpoint and trapezoidal rules. The results retrieved are also presented in
Figure 2 (right). Again, we see similar scaling of errors for both methods, but trapezoidal
rule behaves slightly worse for larger h. Comparing to the plot for f(x) = sin(x), I can
conclude that the sign of the integration error depends on the particular function that we
are integrating. This is true for both midpoint and trapezoidal rules.
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Figure 2: The errors of the midpoint and trapezoidal integration rules plotted against the
integration step h.

Part 2 - Let’s calculate something more interesting

For this part, I implemented the algorithm Integrator given in the task (please find it in
the separate ’.py’ file). Then, using this fucntion I calculated the integral of the function
f(x) =

√
1− x2 over [0, 1] interval with the relative tolerance of ε = 10−6. Figure 3 shows

the output of the program.

Figure 3: The output of the Integrator program.

Clearly, the calculated number is one of the fundamental mathematical constants, π =
3.14159265359.... If we compare this value to the one calculated numerically, we indeed see
that the difference is of the order 10−6.

It is fairly easy to understand why we have obtained π when calculating the above stated
integral. Indeed, the graph of the function f(x) =

√
1− x2 on the interval [0, 1] is nothing

but a quarter-circle of a unity radius (see Figure 4). Therefore, recalling that integral is the
area under the function’s graph and the school formula for the circle area (S = πr2), one
can immediately understand that the analytical value for our integral is simply π/4.
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Figure 4: The graph of the function f(x) =
√
1− x2 on the interval [0, 1].

However, if I set the relative tolerance to 10−20, it already takes significant time from a
computer to calculate the integral. This is not surprising, since at every iteration number of
grid points doubles. At the last iteration, there are already more than 2.5 million points (see
Figure 5). Moreover, the algorithm fails to converge to this accuracy (which is pretty high)
within 20 iterations specified in the code. Thus, I can conclude that the accurate evaluation
of π by means of numerical integration of some function is extremely inefficient.

Figure 5: The output of the Integrator program when the relative tolerance is set to 10−20.
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Part 3 - Simpson’s Rule

I implemented the Simpson’s rule (please find the code in the separate ’.py’ file) and repeated
the tasks 4) - 8) from the Part 1. The results for Simpson’s rule together with its comparison
to midpoint and trapezoidal methods are shown in Figure 6.

Figure 6: The comparison of the Simpson’s rule with the previously studied methods.

If we take closer look at the case of g(x) = 3x2 on the interval [0, 2], we notice that for
Simpson’s rule the error in this case is equal to zero, i.e. it gives the exact value of the
integral for any number of grid points. This is true even for minimally possible three grid
points (see Figure 7, left)).

If we try to integrate f(x) = x3 over [0, 2], we see the same picture: the error is equal to
zero. However, already in the case of f(x) = x4 this effect vanishes, and we observe a normal
picture of numerical error converging to zero but never reaching it (Figure 7, right).

Figure 7: The comparison of the Simpson’s rule with the previously studied methods.

Based on these empirical observations, I can assume that Simpson’s method is exact by
construction for the polynomials of the order p ≤ 3, however, this does not hold true for the
polynomials of higher degrees.

4


