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Lesson Outline Rl

LUXEMBOURG

Theory:

« Short reminder of basic Calculus

* Numerical recipes to calculates derivatives
» Estimate of errors

Hands-on session:

* Implementing studied numerical schemes

* Learning basics of coding and plotting in Python
* Analyzing obtained results
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Why Should We Care? il

LUXEMBOURG

» Differentiation is the basic mathematical operation with a wide
range of applications in many areas of Physics

dp div D = 4mp ot f= 198
E‘F c Ot
‘mm - g dm. 10D

R T T T

Luxembourg, 29/09/2021 Computational Methods — Lesson 2


mailto:mario.galante@uni.lu

Why Should We Care? il

LUXEMBOURG

» Differentiation is the basic mathematical operation Withfﬁ wide

range of applications in many areas of Physics ih— = HY
dp div D = 4mp ~10B Jat
T _F rot E = ___
dt c dt
me i 4w 10D -
rot H = — ] + — o

 Derivatives of most of the functions can be computed
analytically using rules you studied at school and university

 However, very often in practical applications a function is only
known at a few points, and most of the times differential
equations cannot be solved analytically.
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Why Should We Care? il

LUXEMBOURG

» Differentiation is the basic mathematical operation Witha$ wide

range of applications in many areas of Physics ih— = HY
dp div D = 4mp ~10B Jat
T _F rot E = ___
dt c dt
me " 4w 10D ~
rot H = — ] + — o

 Derivatives of most of the functions can be computed
analytically using rules you studied at school and university

 However, very often in practical applications a function is only
known at a few points, and most of the times differential
equations cannot be solved analytically.

We have to use approximate numerical methods
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Derivative and Its Meaning il

LUXEMBOURG

, Ay
y'(x) = AlpchBOE =tan6
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Derivative and Its Meaning

LUXEMBOURG

The derivative shows the rate of function change at a point

f(x) =a sin(2*)+1 |

\
\ A=(-2, 2.51}
A
Ay=y2—u
! E_
ACE::CQ—SUl
> f
2 A\ : | ' '
A -7 -1 I | 5
y'(x) = AlaicIBOA_:))c] =tan6 Kj
'(=2) = —=5.99

Another interpretation: The derivative is the best
LINEAR approximation at a given point of a curve.
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Numerical Differentiation

LUXEMBOURG

A —
F1(xp) = jim [0+ 80 = 1)

Let’'s apply some geometrical intuition:
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Numerical Differentiation

LUXEMBOURG

ey = tim [0+ A0) = fG0)
A

i
x—0 Ax

1. Forward difference: )
5 1 J(X 1)

Let’'s apply some geometrical intuition:
f_1) o 7S

f(xk) zf(xk.,. 1) —f(xk)

0\ Y+ 1Y%

f(xo*+h)

—t—
-1 Yk Yk+1

2. Central difference: ,
g 4 S(x 1)

fls_1) g~ &1

f(xk.,.l)—f(xk_l)

e+l ™ Xk

f(Xo-h) Flx) =

—t—
Ye—1 Yk Xk+1

3. Backward difference:
° Jxe 1)

/.’/
For, ) o - Ty
Fo) —flx, ) e «

X = Xk—1

f(xk) =

. : :
-1 Xk Xk+1
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Numerical Differentiation

LUXEMBOURG

A —
F1(xp) = jim [0+ 80 = 1)

1. Forward difference: )
y J(X 1)

Let’'s apply some geometrical intuition:
f_1) o 7S

f(xk) zf(xk.,. 1) —f(xk)

0\ Y+ 1Y%

f(xo*+h)

—t—
-1 Yk Yk+1

2. Central difference: ,
g 4 S(x 1)

fls_1) g~ &1

f(xk.,.l)—f(xk_l)

f(xﬂ'h) F)= N T R ——t—
S Xpe_i X Xy
I I I
3. Backward difference:
° Jxg 1)
What is the difference between the e F 1) o - Hx)
results obtained via these formulae? P ===

. : :
-1 Xk Xk+1
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Taylor Expansion

LUXEMBOURG

Any function f(x) which is “smooth enough” in the vicinity of point x, can be
represented in that vicinity by its Taylor expansion:

f (19!50) (6 — %) + f ;9!50)

(x—x0)?+0o((x—x0)%), x-x5 (1)

f(x) = fxo) +
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Taylor Expansion

LUXEMBOURG

Any function f(x) which is “smooth enough” in the vicinity of point x, can be
represented in that vicinity by its Taylor expansion:

f'(xo) f" (o)
fOO = flxo) + 7~ (x —x0) + — = (x —x0)* +o((x = x0)*),  x>x (1)
:: sin(x)
Example: )
3 5 7 |
sinx=x—3;'+3;'—%+o(x9), x>0 |
: : : /\N . /\
The error of approximation of sin by this \/.2“ T i n\/zn
9
polynomial is no more than %, l.e. less 1
than 3x10° for-1 < x < 1 +
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Order of Numerical Method

LUXEMBOURG

Let us write down Taylor expansions for f(x, + h) and f(x, — h):

1 1
flxo+h) = f(xo) + f (xo)h + Ef”(xo)hz + gf”’(xo)hg T

1 1
flxo —h) = f (o) = f'(xodh + 5 f " (xo)h? = = f " (aco) h® + -

Luxembourg, 29/09/2021 Computational Methods — Lesson 2


mailto:mario.galante@uni.lu

Order of Numerical Method

LUXEMBOURG

Let us write down Taylor expansions for f(x, + h) and f(x, — h):

1 1
flxo+h) = f(xo) + f (xo)h + Ef”(xo)hz + gf”’(xo)hg T

1 1
f(xg—h) =f(xg) — f'(xg)h + Ef"(xo)h2 — gf"'(xa)hs 1.

( —f(xo—h) h ( — o -
f(xo) z(xO ) + ff’r(xo) + o fx0) z(xo & +0(h) forward difference
, TR — —h) h2 (xog + h) — f(xo — h)
f(x0) = 1 A )th(xo )_ 12f”'(xo) 4o =9 [ th a +0(h?) (2) central difference
h _ h + h -
k flxg + i)l f(xo) Ef"(xo) 1. k f(xo I)z f(xo) + O0(h) backward difference
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Order of Numerical Method

LUXEMBOURG

Let us write down Taylor expansions for f(x, + h) and f(x, — h):

1 1
flxo+h) = f(xo) + f (xo)h + Ef”(xo)hz + gf”’(xo)hg T

1 1
f(xg—h) =f(xg) — f'(xg)h + Ef"(xo)h2 — gf"'(xo)hs 1.

( - —h) h ( - —h
f(%o) z(xo ) + Ef”(xo) + .- [ (%) z(xo ) + O(h) forward difference
, (xo+h)—f(xg—h) h% _ _ ) f(xg+h)—f(xg—h)
f(x0) =4 S th L — o)+ T e oh - +0(h*) (2) central difference
+h) — h (xo + h) — f(x0)
& A ,)l fl) _ S 7 () + & S N f o + 0(h) backward difference
The lowest power of h in the remainder of Taylor O(h) — method of the 1% order
formula determines the order of the method 0(h?) — method of the 2" order
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Order of Numerical Method

LUXEMBOURG

Let us write down Taylor expansions for f(x, + h) and f(x, — h):

1 1
flxo+h) = f(xo) + f (xo)h + Ef”(xo)hz + gfm(xo)hg T

1 1
f(xg—h) =f(xg) — f'(xg)h + Ef"(xo)h2 — gf"'(xo)hs 1.

( - —h) h ( - —h
[(xo) i(xo ) + Ef”(xo) + - [(xo) i(xo ) + O(h) forward difference
, + h) — —h) h? flxo+h)— f(xqg—h)
f1(xo) = [xo )th(xo ) S (o) + 0 = 1= oh - +0(h*) (2) central difference
+h) — h (xo + h) — f(x0)
k AG ,)l Foo) _ > (o) + -+ k S h f o + 0(h) backward difference
The lowest power of h in the remainder of Taylor O(h) — method of the 1% order
formula determines the order of the method 0(h?) — method of the 2" order

Analogously, one can obtain the numerical differentiation scheme of the 4 order:

f(xo —2h) —8f(xg —h) +8f(xg + h) — f(xo + 2h)

3
12K ot )

f'(x0) =
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Order of Numerical Method

LUXEMBOURG

Let us write down Taylor expansions for f(x, + h) and f(x, — h):

1 1
flxo+h) = f(xo) + f (xo)h + Ef”(xo)hz + gfm(xo)hg T

1 1
f(xg—h) =f(xg) — f'(xg)h + Ef"(x(,)h2 — gf"'(xo)hs 1.

( - —h) h ( - —h
[(xo) i(xo ) + Ef”(xo) + - [(xo) i(xo ) + O(h) forward difference
, + h) — —h) h? flxo+h)— f(xqg—h)
f1(xo) = [xo )th(xo ) S (o) + 0 = 1= oh - +0(h*) (2) central difference
+h) — h (xo + h) — f(x0)
k AG ,)l Foo) _ > (o) + -+ k S h f o + 0(h) backward difference
The lowest power of h in the remainder of Taylor O(h) — method of the 1% order
formula determines the order of the method 0(h?) — method of the 2" order

Analogously, one can obtain the numerical differentiation scheme of the 4 order:

f(xo —2h) —8f(xg —h) +8f(xg + h) — f(xo + 2h)

3
12h +oty

f'(x0) =

f(xo—h) —2f(x0) + f(xo + h)
n2

Or the scheme for second derivative: f"(xo) = +0(h*) (4)
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Truncation Error Rl

LUXEMBOURG

* Choosing the differentiation scheme of order N is equivalent to the
truncation of Taylor series at (N+1)-th term. In fact, we substitute the

function by a polynomial as its approximation and then calculate the
derivative of this polynomial.

* The error raising due to this truncation is called truncation error.
This is a fundamental mathematical limitation restricting the accuracy
of numerical differentiation methods.

 However, this is not the only source of errors, since the numbers in
computer memory can be represented only with a finite precision.
This fact leads to round-off errors.
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Real Numbers in Computer Memory

LUXEMBOURG

The IEEE Standard for Floating-Point Arithmetic was established in 1985.

exponent fraction
sign (11 bit) (52 bit)
I Il |
o O @)
63 52 0
Any decimal number a can be represented as: a=>bx10¢ e.g. 175 = 1.75 x 10?2
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Real Numbers in Computer Memory [

LUXEMBOURG

The IEEE Standard for Floating-Point Arithmetic was established in 1985.

exponent fraction
sign (11 bit) (52 bit)
| I |
o O @)
63 52 0
Any decimal number a can be represented as: a=>bx10¢ e.g. 175 = 1.75 x 10?2

Machine epsilon ¢, is the largest number for which the following equation

holds true in machine arithmetic:
l+¢,=1

For 64-bit float-point numbers, ¢,, = 1/2-27>2 =~ 10716 (5)
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Real Numbers in Computer Memory [

LUXEMBOURG

The IEEE Standard for Floating-Point Arithmetic was established in 1985.

exponent fraction
sign (11 bit) (52 bit)
|| Il |
@) @) @)
63 52 0
Any decimal number a can be represented as: a=>bx10¢ e.g. 175 = 1.75 x 10?2

Machine epsilon ¢, is the largest number for which the following equation

holds true in machine arithmetic:
l+¢,=1

For 64-bit float-point numbers, ¢,, = 1/2-27>2 =~ 10716 (5)

Basically, this means that any number smaller than g,, will be
considered as zero by a machine when adding/subtracting it
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Error of Numerical Differentiation

LUXEMBOURG

Let us denote the real value of function as f(x,), and the corresponding number in a
computer memory as f(x,). Then, we can write:

f(x0) = f(xo)(1 + &), fxog+h) =f(xo+h)(1+ &), |€1,2| = &n
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Error of Numerical Differentiation

LUXEMBOURG

Let us denote the real value of function as f(x,), and the corresponding number in a
computer memory as f(x,). Then, we can write:

f(x0) = f(x)(1 + &), flxo+h)=f(xo+h)(1+ &), |€1,2| < &nm

Using Taylor formula in the Lagrange form, we also know that:

foo+h)—fxo)| h, _,
) = JIF"©)

f'(xo) —
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Error of Numerical Differentiation

LUXEMBOURG

Let us denote the real value of function as f(x,), and the corresponding number in a
computer memory as f(x,). Then, we can write:

f(x0) = f(xo)(1 + &), fxog+h) =f(xo+h)(1+ &), |€1,2| = &n

Using Taylor formula in the Lagrange form, we also know that:

f(xo+h)—f(x0)
h

h 17
=17 @

|f'(xo) —

Therefore, for the total error of numerical differentiation p(h) we obtain:

(xo +h) —f(xp)| _h 2

f
= |f’ — < — —
p(h) ‘f (x0) P < 2M1 + h M,
M, = xe[,ﬁf,‘,?fém'f ()], M, = xe[gl’a;ggwlf (x)]
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Optimal Choice of h L o

LUXEMBOURG

Function p(h) describing the error is not monotonous, so it could be minimized:

h 26
p(h) ~ S If "Gl + =21 )l (6)

144 2 m
P 2om eyl = 0

p'(h) =
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Optimal Choice of h L o

LUXEMBOURG

Function p(h) describing the error is not monotonous, so it could be minimized:

h 26
p(h) ~ S If "Gl + =21 )l (6)

I’ 2 m
P 2om eyl = 0

p'(h) =

Solving the last equation, we obtain the approximate optimal value h*:

~ 2\/5m|f(xo)|

n*
\/|f”(xo)|
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Optimal Choice of h i o
Function p(h) describing the error is not monotonous, so it could be minimized:

h 26
p(h) ~ S If "Gl + =21 )l (6)

|f"" (o) B 2&m
2 h?

p'(h) = [f(xo)| =0

Solving the last equation, we obtain the approximate optimal value h*:

Error of calculating the forward first derivative

100_

\/€m|f(xo)|

h* =~ 2
\/|f”(xo)| 1072+

1074 -
Example:

f(x) =sinx and x, = 0.5 gives: 1076 -

Differentiation error p(h)

h* =~ 2./, ~2x1078

10—8_
e Computational tests ° e
Estimate via Eq. (6)

10_10 1 I 1 | 1 1 1
10721 10718 101> 10712 10°° 106 103 100
Differentiation step h
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Hands-on session
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Take-Home Messages

 The idea of numerical differentiation is based on the Taylor
formula

* The higher is the order of differentiation method, the quicker is
the convergence with changing step h

* Numerical differentiation is susceptible to round-off errors

 The higher is the derivative order, the stronger is effect of
round-off errors

 Mathematically, numerical differentiation is not a well-posed
problem, since the total error may increase despite h = 0
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