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MATERIALS AND METHODS

Reference calculations. All reference calculations
were performed at the PBE0+MBD level of theory using
the FHI-aims code [1, 2]. “Tight” settings were applied
for basis functions and integration grids. Energies were
converged to 10−6 eV and the force accuracy was set to
10−5 eV/Å. The self-consistent field (SCF) optimization
convergence criteria were 10−5 eV for the sum of eigen-

values and 10−6 electrons/Å
3
for the charge density. The

Zenodo repository contains the relevant settings file.
SO3krates. The SO3krates neural network con-

tains two sets of features: High-dimensional invari-
ant atomic features H = {h1, . . . ,hN |hi ∈ RH}
and low-dimensional equivariant atomic features X =

{x1, . . . ,xN |xi ∈ R(L+1)2}, where L denotes the maxi-
mal degree of the spherical harmonic used in the network.
For a compact and formal introduction into invariance
and equivariance see subsection “Symmetry and Equiv-
ariance”.

Initial invariant atomic features encode information
about the atomic types Z, the total charge Q and the
multiplicity S of the system. Whereas the atomic types
are defined for each atom in the system, the total charge
and multiplicity is defined per molecule. On a high level
initial features are calculated as

h
[0]
i = ei,Z + ei,Q + ei,S , (S1)

where each summand is a H-dimensional embedding vec-
tor for each atom i in the system.

Atomic numbers are encoded as

ei,Z = Embed(zi), (S2)
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where “Embed” is an embedding function that takes an
atomic number zi ∈ N+ and returns a H-dimensional
embedding vector.
Following the strategy described in Ref. [3], total

charge and multiplicity are encoded as

pi = Embed(Zi), k =

{
k+ if Ψ ≥ 0

k− if Ψ < 0
v =

{
v+ if Ψ ≥ 0

v− if Ψ < 0

ai =
Ψ ln

(
1 + expp⊺

i · k/
√
H
)

∑N
j=1 ln

(
1 + expp⊺

j · k/
√
H
) , ei,Ψ = MLP(aivi),

(S3)
where k,v ∈ RH are trainable parameters, and “Em-

bed” is another embedding function for atomic num-
bers and “MLP” is a two-layered multi-layer perceptron
(MLP) network. Separate parameters are used for charge
Ψ = Q and spin Ψ = S embeddings and also for positive
and negative values of Ψ, indicated by the subscripts “+”
and “−”, respectively. Since S is always equal or larger
than zero, only the positive terms are used. Addition-
ally, the MLP does not use any bias terms, such that
MLP(av) = 0 if av = 0. The described encoding proce-
dure globally distributes the information about the total
charge and the spin state, using per-atom weighting fac-
tors ai.
The low-dimensional equivariant features are initial-

ized to all-zeros i.e., x = 0. This ensures that equivari-
ance is preserved throughout the network. Alternative
embedding schemes could be employed to embed equiv-
ariant features, i.e., an initial neighborhood scan as done
in the original publications or in other equivariant MPNN
approaches [4, 5].
After creating initial atomic features (H[t=0],X [t=0])

they are iteratively refined via T fast equivariant MP
layers as(

H[t+1]
i ,X [t+1]

i

)
= FastEquivMP

[
H[t],X [t],GR

]
, (S4)

where GR = (R, E) denotes a geometric graph, contain-
ing information about the atomic positions R and the
inter-atomic connectivity via “Edges” E . Edges are de-
termined based on a local cutoff radius rcut around each
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atom, and atoms lying within the cutoff sphere are con-
sidered a neighbor of the central atom, i.e., they share
an edge. Here we use a cutoff of rcut = 4.5 Å, greatly
exceeding covalent bond lengths. In contrast to classical
FFs, which often assume a fixed connectivity, a geometric
graph is re-constructed for every set of atomic positions,
such that breaking and forming of atomic bonds is han-
dled naturally.

Each layer “FastEquivMP” layer consists of two
phases. In the first phase, information from neighbor-
ing atoms is aggregated. In the second phase, the high-
dimensional invariant and the low-dimensional equivari-
ant features exchange information on a per-atom ba-
sis. This design ensures low computational cost while
maintaining the benefits of equivariant feature represen-
tations. For full information the reader is referred to the
original publication in Ref. [5].

The final invariant features h
[T ]
i ∈ RH are used to pre-

dict the total energy of the molecule as

ESO3k =

N∑
i=1

MLP
(
h
[T ]
i

)
, (S5)

with a two-layer MLP outputing a scalar energy contri-
bution for each atom in the molecule. Forces are obtained
as the gradient w.r.t. atomic positions F⃗i = −∇r⃗iESO3k

using automatic differentation.
Symmetry and Equivariance. A group G is a set

equipped with a binary operation known as multiplica-
tion, which fulfills the axioms of associativity, identity,
closure and inverse. Given an abstract group G with el-
ements g, a function f : X 7→ Y between sets X and Y is
equivariant w.r.t. to G if

f(g ∗ x) = g ∗ f(x) , (S6)

where “∗” denotes the group action.
If the functions operate on vectors (e.g. atomic po-

sitions or high-dimensional learned representations) one
needs to represent the abstract group in terms of real
vector spaces. Therefore, lets assume a d-dimensional
vector space X with elements x ∈ X. A group represen-
tation of G on X = Rd is given as a continuous function
ρX : G 7→ Rd×d from the group to real square invertible
matrices, such that for all g, h ∈ G the following relation
holds

ρX(g)ρX(h) = ρX(g ⊙ h). (S7)

This means, that the group operation “⊙” can be rep-
resented in terms of multiplications between matrices
and allows to give a definition of equivariance for vector-
valued functions.

Finally, a function f : X 7→ Y between vector spaces
X and Y is said to be equivariant w.r.t. to G if for all
g ∈ G it holds that

f
(
ρX(g)x

)
= ρY

(
g
)
f(x), (S8)

where ρX(g) and ρY (g) are group representations on X
and Y , respectively. This makes invariance a special case
of equivariance with ρY (g) = I being the identity matrix
in Y .
In our context, we typically consider the group of ro-

tations G = SO(3), such that the group elements g are
rotation matrices M rot ∈ R3×3. When we talk about
equivariance (invariance) we implicitly refer to equiv-
ariance (invariance) w.r.t. rotations of the input atomic
positions. As an example for invariance, lets consider
the potential energy surface (PES), which is a function
U : RN×3 7→ R and is invariant w.r.t. rotations of the
atomic positions. In the formalism described above, this
corresponds to X being the Euclidean space of 3 dimen-
sions, the group representations on X are the rotation
matrices i.e. ρX(g) = M rot ∈ R3×3 and the group repre-
sentations on the output are ρY (g) = 1 . Therefore,

U(M rotR,Z) = U(R,Z), (S9)

where MrotR denotes the global rotation of all atomic
positions.

The force function for a single atom is given as F⃗i :
RN×3 7→ R3. Under global rotations, this function be-
haves as

F⃗i(M rotR) = M rotF⃗i(R), (S10)

which makes forces a rotationally equivariant function,
with ρY (g) now also being rotation matrices.

In the context of MLFFs, we consider a neural net-
work (NN) fNN : RN×3 7→ Rd, mapping the input posi-
tions to a high-dimensional representation of dimension
d. Equivariant NNs learn representations which behave
according to Eq. S8. In this setting, invariant MLFFs
like SchNet [6] or PhysNet [7] are a special case of equiv-
ariance and correspond to ρY (g) = I. In contrast, equiv-
ariant MLFFs like NequIP [8] construct representations
which transform equivariant under rotation of the input
positions and ρY (g) is a direct sum of Wigner-D matrices.

Ziegler-Biersack-Littmark repulsion. The short-
range repulsion between nuclei is modeled via a term in-
spired by the ZBL repulsion [3, 9]:

EZBL = ke
∑
i

∑
j∈Ni

ZiZj

rij
fcut(rij)

·
4∑

m=1

cme
−amrij(Z

p
i +Zp

j )/d,

(S11)

where ke is the Coulomb constant, Zi are the atomic
numbers, and am, cm, p, and d are free parameters.
The term Ni denotes the neighborhood of the i-th atom,
and fcut is a cutoff function that smoothly transitions
between one and zero when atoms leave (or enter) the
neighborhood. The ZBL term ensures a correct descrip-
tion of nuclear repulsion, which improves the stability of
the potential for short bond-distances.
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Partial charges and Dipoles. Following Ref. 3, par-
tial charges are obtained as

qi = qZi
+ q̃i +

1

N

(
Q−

∑N

j=1
(qZj

+ q̃j)

)
, (S12)

where q̃i ∈ R are predicted from the final atomic rep-

resentations h
[T ]
i ∈ RH via a two-layered MLP network

with silu non-linearity and qZi
∈ R is an element depen-

dent bias. The charge correction with the total charge Q
ensures charge conservation. The partial charges can be
used to predict molecular dipole moments (used in the
loss function, see Eq. 7).

µ⃗ =

N∑
i=1

qir⃗i, (S13)

where r⃗i ∈ R3 are the atomic positions (assumed to be
centered).

Long-range cutoff. For large structures with tens
to hundreds of thousands of atoms, considering all pairs
of atoms becomes computationally infeasible and neces-
sitates the introduction of a long-range cutoff. Addition-
ally, if simulations are performed in a box (e.g. with wa-
ter) the largest meaningful long-range cutoff is directly
connected to the box size. As such, the system under
investigation and the simulation parameters, determine
different values for the long-range cutoff. To account for
this, we carefully designed a switching function for the
long-range potentials, which allows to choose between
different cutoff values up to no long-range cutoff at the
time of simulation. The choice does not affect the first
two terms in Eq. 1 or intermediate properties, partial
charges and Hirshfeld ratios, which are used as inputs to
calculate the last two terms.

Both the dispersion and the electrostatic potential
have infinite range and take on a non-zero value at the
long-range cutoff (Fig. S11). This results in a disconti-
nuity in the forces at the cutoff value, leading to energy
drift during MD simulations [10]. To ensure smoothness
of the PES at the long-range cutoff we modify the pair-
wise electrostatic potential as

ũ(r) =
qiqjke

2
· fsw(r) · uES(r) +

(
1− fsw(r)

)
· uFS(r),

(S14)

where uES(r) is the energy-shifted potential, uFS(r) is the
force-shifted potential (see below) and fsw(r) is a switch-
ing function that smoothly interpolates between 1 and 0
on a given interval from ron to roff. By switching between
the energy- and the force-shifted terms, the potential
remains unaltered within the short-range cutoff (which
maintains the learned balance between different terms,
as there was no long-range cutoff during training) while
smoothly transitioning to zero at the long-range cutoff
(Fig. S11). The shifted potentials are given as [10, 11]

uES(r) =

{
u(r)− u(Rc), r < Rc

0, r > Rc
(S15)

and

uFS(r) =

{
u(r)− u(Rc)− u(r −Rc) · u′(Rc) r < Rc

0, r > Rc

(S16)

where u(r) is the unmodified pairwise electrostatic poten-
tial (Eq. 6) and Rc is the long-range cutoff. Dispersion
interactions are smoothly switched to zero as

ṽ(r) = fsw(r) · v(r), (S17)

where v(r) is the pairwise potential in Eq. 4. The switch-
ing function parameters (ron, roff) were set to (Rc×0.45,
Rc) for electrostatic interactions and (Rc − 2, Rc) for
dispersion interactions. The parameters were chosen to
prevent clumping artifacts at the 10 Å long-range cutoff.
Training details. SO3krates model (v1.0) was

trained on a combined loss of forces, dipole moments,
and Hirshfeld ratios with a weighting factor of 10:1:1, re-
spectively. We used the AMSGrad optimizer [12] with
an initial learning rate of 10−3 and an exponential learn-
ing rate decay every 500k steps by a factor of 0.85. The
global norm of the gradient updates is clipped at 10.
The model uses a 4.5 Å cutoff, feature dimension of

H = 128, and a maximal degree of L = 4 for the Eu-
clidean variables and T = 3 message passing layers, elec-
trostatics damping coefficient of σ = 4, and dispersion
damping coefficient of γ = 1.2. After each attention up-
date, a two-layered multi-layer perceptron with silu non-
linearity refines the invariant features. This increases the
number of trainable parameters and thus model expres-
siveness, which is important in the large data regime. To
stabilize training and improve gradient flow, layer nor-
malization [13] is applied to the invariant features after
the attention and the interaction block. The model was
trained on a single A100 GPU for 86 h (corresponding to
5.125M gradient steps) with a batch size of B = 200.
Binding energy calculation. Binding energy was

calculated as the difference between the bound dimer and
the non-interacting monomers (separated by a distance
larger than the long-range cutoff) with charges assigned
for each monomer in isolation. The GitHub repository
contains an example script, demonstrating the binding
energy computation.

Simulation details. All simulations were conducted
using the NVT ensemble for gas-phase systems (with a
long-range cutoff of 100 Å) and the NPT ensemble for
periodic systems (with a long-range cutoff of 12 Å), with
a timestep of 0.5 fs. Nosé–Hoover Chains (3 chains) were
used for thermostat and barostat coupling, as imple-
mented in JAX-MD [14], with default parameters: 1000
timesteps for the barostat and 100 timesteps for the ther-
mostat [15–17]. Prior to simulation, all structures were
pre-optimized using the FIRE algorithm [18].

MD22 molecules and polyalanines. Gas-phase simula-
tions for stachyose and AcAla3NMe were performed for
500 ps at 500K, and for other MD22 molecules at 300K.
Simulations of AcAla15NMe folding were carried out at
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300K (with initial velocities sampled from a Maxwell-
Boltzmann distribution at 600K). AcAla15LysH

+ was
simulated at 500–800K with a step of 100K, each for
500 ps. Secondary structure assignment of polyalanines
was performed using the STRIDE algorithm [19].

Water simulations. Simulations were run for 500 ps,
with observables averaged over the final 300 ps. The dif-
fusion coefficient was determined from the positions of
oxygen atoms using Einstein diffusion equation [20, 21].
Double-precision was employed to enhance numerical sta-
bility.

Crambin. The initial structure was obtained from
PDB ID: 2FD7 [22], with mutated residues reverted to
the wild-type sequence. The system was solvated with
8205 explicit water molecules. Simulations were per-
formed for 3 ns at 300K, excluding the first 0.5 ns for
equilibration. The root mean square deviation of Cram-
bin, RMSD(t, t+∆t), was obtained excluding hydrogen
atoms from three 3 ns runs. Power spectra were com-
puted from atomic velocities sampled over a 125 ps tra-
jectory with a time resolution of 2.5 fs using schnetpack
package [23, 24].

Glycoprotein. The starting structure was taken from
the PDB ID: 1K7C [25]. 15008 water molecules were
used for solvating the system and the pH was set to 3.7
to guarantee charge neutralization. The RMSD was cal-
culated based on three runs of 500 ps.

POPC Lipid bilayer. The starting structure, consist-
ing of 128 lipids and 5120 water molecules, was obtained
from Ref. 26. The system was equilibrated over 250 ps
using a combination of geometry relaxations and NVT
simulations. Observables were then averaged over an ad-
ditional 250 ps at 303K in an isotropic NPT ensemble im-
plemented in JAX-MD. The initial box dimensions were
adjusted manually to mimic semi-isotropic NPT ensem-
ble. The area per lipid was calculated from the simula-
tion box dimensions. Bilayer thickness (DHH), derived
from electron density profiles, and NMR order parame-
ters were both calculated using CPPTRAJ [27]. Double-
precision was employed to enhance numerical stability.
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Fig. S1. Hirshfeld ratio and partial charge distribution for AcAla15NMe. Both quantities are dynamically changing
and are predicted by the SO3LR model.
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Fig. S2. Statistics on a combined dataset of 3.9 million molecular fragments. Histograms of the number of atoms,
number of heavy atoms, maximum distance in each fragment, and atom types.

TABLE S1. Properties present in the combined datasets.

Dataset Size Forces Dipoles Hirsh. rat.

GEMS bottom-up 2.7m ✓ ✓ ✗

QM7-X 1m ✓ ✓ ✓

AQM 60k ✓ ✓ ✓

SPICE Dipeptides 33k ✓ ✓ ✓

DES15k 15k ✓ ✓ ✓
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A

B

Average Pearson R: 0.86
Percentage of pro�les with R > 0.9: 69.6%
MAE: 1.03 kcal/mol
RMSE: 1.51 kcal/mol

Fig. S3. TorsionNet500 Benchmark. Comparison of energies predicted by SO3LR with the TorsionNet500 bench-
mark [28], recomputed at the PBE0+MBD level of theory. A Histogram of Pearson R coefficients, with additional
metrics shown in the inset. B Torsional profiles for six molecules. The absence of certain functional groups (e.g.,
triazole and trifluoromethylthio groups) in the training set leads to higher average errors. In contrast, torsional profiles
commonly encountered in biosimulations are predicted accurately.
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Fig. S4. SAPT10k outliers analysis. Outlier structures with binding energy errors >10 kcal/mol (left) include
exotic molecules such as ClF, P(CNO)3, and PH2NO2. Recalculation of the SO3LR outliers (63 dimers) at the
PBE0+MBD/tight level (right) yields a mean absolute error (MAE) of 1.25 kcal/mol, with a maximum error of
5.33 kcal/mol. These results confirm that the errors arise from the absence of these motifs in the training set, rather
than from limitations of the reference theory.
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A B

Fig. S5. Simulations of small biomolecular fragments. Ramachandran plots (ϕ/ψ dihedrals) for (A) AcAla3NMe
and (B) stachyose molecules from the MD22 dataset. SO3LR simulations at 500K for 500 ps. Trajectory is sampled
every 1 fs. The Boltzmann-inverted scale is shown in kcal/mol.
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Fig. S6. Simulation of structures from the MD22 dataset. Snapshots of the simulation at 0 ps, 250 ps and 500 ps
(left) and the corresponding radial distribution function g(r) computed over frames sampled every 1 ps (right) for the
(A) buckyball catcher, (B) AT-AT, (C) DHA, and (D) double-walled nanotube. Simulations were performed for
500 ps at 300K.
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A B
500K

600K

700K

800K

Fig. S7. Polyalanine simulation. Secondary structural motifs of (A) four folding trajectories of extended AcAla15NMe
at 300K in the gas phase and (B) four trajectories starting from the folded AcAla15LysH

+ at 500, 600, 700, and 800K.
STRIDE was used for secondary structure assignment [19].
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Fig. S8. Oxygen-oxygen radial distribution function for bulk water. The SO3LR values were calculated from NPT
molecular dynamics simulations of 4096 water molecules, run for 500 ps, with observables averaged over the final
250 ps. DFT values (PBE, PBE0, PBE0+TS) were taken from Ref. 29. The diffusion coefficients of water at 300 and
330K, obtained using the model with a 12 Å long-range cutoff, are specified in the legend. The experimental values
were taken from Refs. 30, 31.
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Fig. S9. Dependence of the water density on long-range cutoff at 300K. We investigated the convergence of the
density as a function of the cutoff for long-range interactions (see ’long-range cutoff’ subsection). The water density
varies between 1.04 and 0.97 g/cm3 for long-range cutoffs of 10–20 Å.
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Fig. S10. Crambin RMSD. Root mean square deviations of three crambin trajectories simulated with SO3LR with
respect to the initial frame.

0 2 4 6 8 10 12
Interatomic distance [Å]

0.0

0.5

1.0

1.5

2.0

El
ec

tro
st

at
ic 

en
er

gy
 [a

.u
]

Electrostatics damping

Default
Energy shifted
Force shifted
Energy->Force shifted

Fig. S11. Switching electrostatic interactions. The model was trained with a damped erf(rij/4)/rij electrostatic

potential on gas-phase data, with a 100 Å long-range cutoff that recovers all neighbours and a 4.5 Å short-range
cutoff. In simulations with periodic boundary conditions, we employ a long-range cutoff of 12 Å to balance accuracy
and computational efficiency. The potential at short-range should be the same as the one the model was trained with
to maintain the learned balance between different terms. Simultaneously, the potential should smoothly transition to
zero at the long-range cutoff to ensure that the potential is the exact integral of the force and to avoid introducing
discontinuities in the forces. Therefore, we smoothly switch between the energy-shifted (blue curve) and force-shifted
(orange curve) potentials to obtain the final potential (green curve). Dispersion interactions are smoothly energy-
shifted starting 2 Å before long-range cutoff.
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