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QDO damping function

Here we present the derivation of the QDO damping function given by Eq. (24) in the
main manuscript, following the approach used by Tang and Toennies to derive their renowned
damping function.!? Asymptotic series expansion of dispersion energy is based on the as-
sumption of non-overlapping densities. However, at typical interatomic separations in molec-
ular systems, there is still a non-negligible overlap of electron densities. This overlap leads
to short-range Pauli (exchange) repulsion, decreasing the density between interacting atoms
and consequently leading to the reduced dispersion attraction between atoms, as can be
easily understood using Feynman’s arguments.® To account for this weakening of dispersion
force, Tang and Toennies considered the correction to dispersion energy caused by the over-
lap.! They calculated this correction invoking the semiclassical Drude model,! whereas here
we employ the quantum Drude oscillator model for the same purpose.

The Hamiltonian of two non-interacting identical QDOs is

. B, 52

ko, k
Ho= =5, Vi =, Vet g et grh s b= (51)

where drudonic coordinates ry = (x1, 41, 21) and ry = (9, s, 22) have their origins, respec-
tively, at nuclei A and B separated by distance R. The multipolar couplings between the
two non-overlapping QDOs can lead only to dispersion attraction between them. Let us now
consider a coupling due to the short-range repulsion V,¢p, which is of given form. This repul-
sion is usually expressed as a function of internuclear distance R and therefore serves as the
external potential for drudons arising from the symmetrization of the total wave function,
as discussed in the main manuscript. To deduce the connection between interdrudonic and

internuclear repulsive potentials, one can expand the former as
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where R = r; —ry, and AR = |R 4+ 6R| — R. Assuming that R is in the z direction and
R > |dR| (the two nuclei are separated by a distance which is much larger than the range

of drudons’ fluctuations) and keeping terms up to the second order, we get

AR~ % [QR(Zl — 22) + (y1 - y2)2 + (ZB1 - 332)2] . (SB)

Substituting éR into Eq. (S2) and again keeping terms up to the second order, we have
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Thus, the (approximate) Hamiltonian of two repulsion-coupled QDOs reads
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with a(R) = dViep/dR and B(R) = d*Viep/dR? (for brevity, we omit the dependence of o and
[ on R, in what follows). The above Hamiltonian represents a quadratic form in drudonic

coordinates, and the canonical transformation
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with Ty = (&1, m1, (1), To = (€2,m2,(2). The corresponding eigenfrequencies are
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and wg, = wy, = w¢, = w. We ensure that the Taylor expansion made in Eq. (S8) delivers a
good approximation for a wide range of distances, as illustrated by Fig. S1. This reflects the

fact that V., changes slowly compared to the harmonic potential. The interaction energy is
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Here, Viep(R) plays the role of external repulsive potential, whereas the remaining two terms
represent the desired correction to dispersion energy caused by the presence of Vie,(R). The
second-order term o?/(k+2/3) should be omitted considering the first-order Taylor expansion
for frequencies. Hence, for the (approximate) correction to dispersion energy, we finally have
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With our general expression for the QDO exchange energy Viep, = A¢*/R exp(—uwR?/2h)

given by Eq. (6) in the main manuscript, one can obtain
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where the atomic units are used with k. = 1/4meq = 1, but & is kept explicitly in the equa-

tions. The correction AV is positive, since R*(uw/h) > 1 at typical internuclear distances.*
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FIG. S 1: Behavior of frequencies we, ,, (blue) and we, (red) from Eq. (S8) as a function of distance R
when described by the exact square root function (dashed) and the first-order Taylor expansion (solid) at
the example of Ary dimer. The vertical dashed line denotes the equilibrium distance R..

Now we use the correction AVyig, to derive our damping function, following the approach

of Tang and Toennies.? By introducing B = Ag¢*/2, the sum of dispersion energy and its

repulsion correction can be written as
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where in the left-hand side we have incorporated the desired damping function fy,(R). By

introducing coefficients by, such that > by, = B, the damping function is extracted as
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The coefficients by, are not uniquely defined. Therefore, from Eq. (S15) one can only assume

that the general form of the damping function is
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where P, 1 is the polynomial of the order 2n + 1. Since damping function is dimensionless,



it can only depend on the dimensionless combination of parameters related to the considered

problem, which is uniquely defined by x = «vR. Thus, we can represent damping function by
fon(x)=1—€"2 Z apx® (S17)

To determine the polynomial coefficients a;, we impose the natural boundary conditions
fom(R) =1, R—00;  fou(R) = 0+O(R*™Mh) , R—0. (S18)

Here, the first condition is fulfilled by default due to the functional form of Eq. (S17). The
second condition requires that all derivatives of fo,(R) up to order 2n + 1 must be zero
at R = 0, that stems from the requirement that each term f5,(R)Cy,/R*" in the damped
dispersion series vanishes at R = 0 with a finite slope.? By the explicit calculation of n-th
derivatives, we found that, to satisfy the above boundary conditions, all odd coefficients
must be zero and only even powers of x survive, resulting in the uniquely defined damping

function
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This damping function has exactly the same form as the Tang-Toennies damping function?
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with the only difference in the limits of summation, in addition to the physical meaning of
unitless variable (z = bR for the TT damping function, with b stemming from the Born-
Mayer repulsion term Ae~*%). The difference is due to the distinct form of Pauli repulsion
potential between the vdW-QDO and T'T models, which delivers the distinct results under
applying the aforementioned boundary conditions at R — 0. Interestingly, our quantum-

mechanically derived damping function also matches well (but not exactly) with the one



heuristically suggested by Slipchenko and Gordon®

no_k
falz) =1 e % . 2= (yR)?, (S21)
k=0

which they have obtained by a simple analogy to the Tang-Toennies damping function upon
substitution of exponential overlap integral (of atomic densities) onto the Gaussian overlap
integral (of oscillator densities). In Eq. (S21), we corrected the obvious misprint present
in Ref. 5 where summation starts with £ = 1. Another difference with our QDO damping
function is that the heuristically obtained function of Slipchenko and Gordon takes z = (yR)?

as an argument instead of (yR)?/2, as obtained within our quantum-mechanical derivation.

Damped vdW-QDO potential

The derivation of the damped vdW-QDO potential is similar to the undamped one,
with the only difference in the form of dispersion energy and hence dispersion force. The

force-balance equation in the dipole approximation reads?
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Incorporating Cs and Cj terms and the constant Ay, we get the full force-balance equation
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Solving Eqs. (S22) and (S23) together, one can express Ay by
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and write the damped vdW-QDO potential as
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Similar to the undamped case, we use Ne, to obtain the dimensionless shape of the potential

Ne,dam; AZ[ _Gt)? > C;
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with the starred parameters for this equation defined in Table S1. For other dimers, the

potentials are obtained via rescaling
Vobe'(R) = DUGHE™ (@) , == R/R. , (s27)

where for D, we use the same Eq. (17) in the main text as for the undamped potential. The
above derivation is not specific to noble gases remaining valid also for group II dimers. The
corresponding starred parameters are listed in Table IV of the main text.

Figure S2 shows the obtained damped vdW-QDO potential curves for noble-gas dimers
compared to the TTS potential® and reference CCSD(T) calculations. One can see almost
the same curves as in the undamped case, having perfect agreement with the references. The

only noticeable differences to the undamped case can be observed in the short-range region.

TABLE S 1: The dimensionless parameters in Eq. (S26). The parameters of Nes dimer used in the second
column are D, = 3.620 meV = 13.304 x 10~° a.u. and R. = 5.875 bohr. The value of D, was obtained by
substituting R = R, to Eq. (S25). The damped QDO parameters for Ney are ¢4 = 1.20299, g = 0.38066,
w =1.19326 (in a.u.).

Parameter Definition Numerical value
A} Agkeqi/ReD, 1415.607
~y* Re/paw/h 3.959
o Cs/D.RS 1.1667
Ci 5Cs/ D RS (v*)? 0.3721
C5o 245C¢ /8D RS (v*)* 0.1454
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FIG. S2: The same as Fig. 2 of the main text but for the damped vdW-QDO potential (S25).

vdW-0QDO parametrization scheme

To set the value of product pw, we use the condition of balance of exchange repulsion

and dispersion forces between two QDOs at the equilibrium in the dipole approximation

keg? [ 1 pw] _mepz _ 6Cs

2t =T (S28)

In Ref. 4, it was shown that for typical R, in noble-gas dimers uw/h is an order of magnitude
larger than 1/R?, and therefore the term 1/R? was neglected. This well works as the first-
order approximation and leads to the quantum-mechanical scaling law for vdW radius (Eq.
(8) of the main manuscript). However, we found that for building the QDO-based vdW

potential, this simplification introduces additional error in the location and depth of the



potential minimum by making the energies and forces inconsistent. Therefore, here we use
full Eq. (S28) to rederive consistent optimized QDO parametrization in analogy with Ref. 7.

Substituting Cs = 3k*hwa; (¢ /pw?) /4 into Eq. (S28) and cancelling ¢, we obtain

1 o 9h o k?
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Solving this for «; delivers
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From the other hand, for real atoms a; can be accurately recovered via R, as®
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where ag,. = e*/4meohc ~ 1/137.036 is the fine-structure constant. Combining Eqgs. (S30)

and (S31), one can obtain
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This equation can be rearranged and rewritten in terms of dimensionless variables
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The above transcendental equation is similar to its counterpart from Ref. 7, and by analogy
it also has two solutions, one of which is very close to zero. As discussed in Ref. 7, this almost

zero solution xp does not have a simple physical interpretation, whereas the second (larger)

10



root x4 of Eq. (S33) is useful to parametrize the QDO model. Thus, the full vdW-OQDO

parametrization procedure can be summarized as

4C, hx
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The numerical values of the parameters for all noble-gas dimers are presented in Table S 3.
For the damped vdW-QDO potential, the parametrization procedure has to be adapted

accordingly. The force-balance equation in dipole approximation becomes

9 !/
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Repeating the manipulations performed for vdW-OQDO parametrization above, Eq. (S36)

can be simplified and rewritten in terms of dimensionless variables in the form
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In Eq. (S37), we used the explicit form of the QDO damping function (S19). Eq. (S37)
has two solutions like Eq. (S33), and we use its larger root x% to set the parameters of
the oscillator according to Eq. (S35). Note that w parameter does not change due to the
damping function, since it is fully defined by a; and Cg.

We note that to parametrize damped vdW-QDO potential for noble-gases, Eq. (S31) can
be used to make the transcendental equation (S37) dependent only on ay. This leads to the
same a and b coefficients (S34) as in vdW-OQDO case. The numerical values of the damped
vdW-0OQDO parameters for all noble-gas dimers are presented in Table S3. For group II
elements, however, Eq. (S31) is not so accurate, since their dimers are not purely vdW

bonded. Therefore, for group II dimers both a; and R, should be used explicitly in Eq. (S

11



38). To construct the vdW-QDO potential for these systems, we used only the oscillator

parameters for Sro. Nevertheless, for completeness, the damped vdW-OQDO parameters for

all group II dimers are presented in Table S 2.

TABLE S2: The damped quantum Drude oscillator parameters (in a.u.) obtained for group II dimers with

the reference {ay, Cs} from Table III of the main text.

Dimer w Ld qd
Mgo 0.16445 1.10568 1.46011
Cag 0.11458 1.17281 1.55535
Sro 0.10639 1.06709 1.54334
Ba, 0.09198 1.06133 1.56703
7n, 0.32010 0.65638 1.61268
Cdy 0.43226 0.46174 1.99216
Hgo 0.45481 0.50101 1.87435

TABLE S3: Effective polarizabilities (a{'?) and dispersion coefficients (CZ'Z) of noble-gas dimers obtained
according to Eqgs. (19) and (21) of the main text. The corresponding parameters of the quantum Drude os-
cillator obtained within the vdW-OQDO parametrization procedure are also shown. Parameter sets {w, i, ¢}
and {w, pa, qq} correspond to the vdW-QDO potential without and with damping function, respectively. All

values are in a.u.

Dimer aftB C{B w L q Lhd qa

He-He 1.38 1.46 1.02219 0.55810 0.89707 0.56760 0.90468
He—Ne 2.025 3.043 0.98941 0.49841 0.99400 0.50884 1.00434
He-Ar 6.24 9.513 0.32574 0.97613 0.80393 1.01360 0.81921
He-Kr 9.09 13.316 0.21487 1.27205 0.73066 1.33196 0.74767
HeXe 14.34 19.265 0.12491 1.81468 0.63720 1.92445 0.65619
He-Rn 17.46 23.265 0.10175 2.05164 0.60901 2.19004 0.62922
Ne—Ne 2.67 6.38 1.19326 0.37164 1.18865 0.38066 1.20299
Ne-Ar 6.885 19.539 0.54960 0.55625 1.07555 0.57877 1.09710
Ne—Kr 9.735 27.225 0.38304 0.69398 0.99559 0.72791 1.01964
Ne—Xe 14.985 39.144 0.23243 0.95753 0.88044 1.01687 0.90731
Ne-Rn 18.105 47.232 0.19212 1.07013 0.84567 1.14379 0.87429
Ar-Ar 11.1 64.3 0.69583 0.36208 1.39498 0.38110 1.43115
Ar-Kr 13.95 91.100 0.62418 0.36734 1.41296 0.38922 1.45444
Ar—Xe 19.2 133.995 0.48465 0.41383 1.36611 0.44326 1.41386
Ar-Rn 22.32 162.193 0.43409 0.43337 1.35007 0.46689 1.40132
Kr-Kr 16.8 129.6 0.61224 0.34654 1.47727 0.36943 1.52526
Kr—Xe 22.05 191.715 0.52575 0.35968 1.48061 0.38732 1.53644
Kr-Rn 25.17 232.246 0.48879 0.36552 1.48258 0.39578 1.54272
Xe—Xe 27.3 285.9 0.51148 0.33725 1.55198 0.36648 1.61783
Xe-Rn 30.42 346.742 0.49960 0.32938 1.58144 0.35973 1.65270
Rn—Rn 33.54 420.6 0.49852 0.31624 1.62358 0.34706 1.70084
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Errors for two different parametrizations of Lennard-Jones potential

In this section, we report the Lennard-Jones parameters and errors of the corresponding
LJ potentials for noble-gas dimers. We considered two sets of LJ parameters. The first one,
denoted as LJ1 throughout the manuscript, is taken from Ref. 9, where (o4, 1) are compiled
from different sources. These parameters were fitted to reproduce the thermodynamical data
for noble gases. The second set of parameters, denoted as L.J2, was created by ourselves. We
used the reference ab initio values of R, and D, compiled in Ref. 6 to determine (o9, £2) using

1/6 ¢y = D, . The numerical values for both parameter

the obvious relations g9 = R, X 2~
sets are presented in Table S4.

TABLE S4: Two considered sets of Lennard-Jones parameters for noble gases: LJ1 (01,£1)? and LJ2 (02, 2)
obtained by ourselves. The units are bohr for o and meV for €.

Element o1 €1 o9 &9
He 4.838 0.8807 4.996 0.9475
Ne 5.197 3.0678 5.194 3.6324
Ar 6.425 10.341 6.334 12.319
Kr 6.803 14.736 6.761 17.310
Xe 7.748 18.958 7.370 24.126

b As (LJ2) (Mean = 17.3%)

2 232 | 328 [N - %0
136 | 229 | 354 40
328 | 229 20
527 ﬂ 10

He Ne Ar Kr Xe

Ne

Ar

Kr

Xe

FIG. S3: Ag metric (in %) calculated for two LJ parametrizations with respect to the TTS potential.©

In Figure S3 we show the error of LJ1 and LJ2 potentials expressed in terms of the Ag
metrics, as described in the main text. As one can see, the LJ2 parametrization, designed to
reproduce correct { R, D, }, works well for dimers composed of atoms possessing similar vdW

radius (He, Ne is one group, and Ar, Kr, Xe is another). However, for dimers mixed between

13



the two groups, errors of L.J2 increase drastically. This indicates the lack of flexibility of the

LJ potential as well as limited accuracy of Lorentz-Berthelot combination rules.

Relation between the vdW-QDO and TT models and SAPT

Within the SAPT framework, '®!! the interaction energy of two noble-gas atoms can be

represented as the sum of four contributions

Eot™" = By + EQL + Bl + EQ iy » (539)
since induction and exchange-induction terms perfectly cancel out each other delivering
El(nz()i + Eéii_ind ~ 0 (see Figure S4d). On the other hand, Tang-Toennies model relies on a
more compact decomposition of the interaction energy, consisting only of exchange repulsion
and dispersion. Nevertheless, the total interaction energies obtained by means of the TT
model and SAPT are practically the same for noble-gas dimers. This interesting fact has
been already discussed in literature.!? Similar to the TT model, our vdW-QDO potential
also relies on the balance between exchange repulsion and dispersion. Therefore, we find it
useful to report here a simple analysis, which elucidates the reasons behind the high accuracy
of the vdW-QDO and T'T models.

In Figure S4a-b, we separately compare the dispersion and exchange repulsion terms of
vdW-QDO and TT potentials for neon dimer. A close agreement between the undamped
vdW-QDO (red solid curve) and TT (blue curve) potentials is observed for both terms,
with the discrepancy appearing more pronounced only at shorter distances. In contrast, the
damped vdW-QDO dispersion and exchange repulsion (red dashed curves) are significantly
different, although their sum shows a perfect agreement with undamped vdW-QDO and
TT potentials (Figure S4c). In addition, we compare the energy terms of vdW-QDO and
TT models to the corresponding energy contributions from the SAPT-CCSD calculations 4
(black solid curves). A noticeable difference for both dispersion and exchange repulsion

energies can be spotted. In other words, the dispersion energy from the vdW-QDO and TT

14
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FIG. S4: (a) Dispersion and (b) exchange repulsion components of the vdW-QDO (red) and Tang-Toennies '3

(blue) potentials compared to the SAPT energy contributions (black) for neon dimer. The comparison of total
interaction curves is shown in (c). The SAPT data was taken from Ref. 14. Individual SAPT contributions
for neon are displayed in (d). The insets in (a) and (b) show zoom-in to near-equilibrium distances. The inset
in (c) is the discrepancy between Tang-Toennies potential and undamped/damped vdW-QDO potentials.
Everywhere the vertical dashed line denotes the equilibrium distance.

potentials does not exactly reproduce Eéfgp
their exchange repulsion parts versus ES. However, if instead one compares to the sums

curve from SAPT, and the same is true also for

Eélls)t + ES) and E<(1i2s)p + Eéiz_disp, then much closer agreement with the vdW-QDO and TT
energy decomposition is observed, as illustrated by black dashed lines.

Thus, we conclude that both vdW-QDO and TT potentials rely on the effective de-
scription of exchange repulsion and electrostatics by the exchange term and on the effective
description of dispersion and exchange-dispersion interactions by the dispersion term in the
potential. We believe that this observation is important, since it allows to embed the de-

signed accurate interatomic potentials into the physical context of non-covalent interactions

picture, which is rarely done.
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vdW-QDO potentials for the molecular dimers

Here we present our results for the eight molecular dimers considered in our study. They
allow us to conclude that the vdW-QDO potential works well in predicting dispersion energy
between aliphatic molecules, but it has difficulties with treating benzene. We attribute this
to a high anisotropy of benzene polarizability tensor (longitudinal component is twice as
large as the transverse one!®), which means that dispersion interaction requires many-body
treatment in this case.
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FIG. S5: Left: Dispersion (blue) and exchange (red) contributions to the interaction energy of molecular
dimers (shown as insets) calculated by SAPT-DFT(solid lines) and damped vdW-QDO potential (dotted
lines). In addition, electrostatic term from SAPT-DFT is displayed in black. The presented SAPT-DFT
results correspond to the calculations from Ref. 16 with the ALDA xc-kernel and pVQZ basis sets. Right:
Interaction energy curves of molecular dimers as calculated by different methods: reference CCSD(T)!”
(black circles); PBEO+TS (blue) and PBEO+MBD (green) corrections; DFTB3+MBD (magenta); damped
vdW-QDO potential (cyan); SAPT-corrected vdW-QDO potential (red).
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We also observe that the accuracy of the vdW-QDO method is higher for more spherical
molecules. The best results for dispersion energy are obtained for the dimer of neopentane,

which is the closest to the spherical symmetry among the considered molecules.

#34 pentane - pentane

Edisp (SAPT) 2 -
- Egisp (vdW-QDO)
Eexc (SAPT) 1
" Eexc (vaW-QDO) ol W P
— Eeist (SAPT) T m
= S
£ = -1+
8 g
X, = -2
W g —e— Ref. CCSD(T)
wo_g | —»— PBEO+TS
—— PBEO0+MBD
-4 4 —e— DFTB3+MBD
—=— vdW-QDO
-5 —— vdW-QDO corr.
T 77 T T T 1T T T T T
09 1.0 11 1.25 1.5 2.0 09 10 1.1 125 1.5 2.0
Intermolecular distance Intermolecular distance

#35 neopentane - pentane

154 ¢ y —e— Egisp (SAPT) 2]
: --&- Egisp (vVdW-QDO)
—— FEexc (SAPT) 14
4+ Eoxc (VdW-QDO)
= —4— Eeist (SAPT) F T S R -
£ =
w B
] =, -1
W ¢ g —e— Ref. CCSD(T)
W —v— PBE0+TS
—+— PBE0+MBD
3 —e— DFTB3+MBD
—=— vdW-QDO
-10 - —&— vdW-QDO corr.
T 7T T T T _4_ T 77T T T T
09 1.0 1.1 1.25 1.5 2.0 09 10 11 125 1.5 2.0
Intermolecular distance Intermolecular distance
#36 neopentane - neopentane
8_

—e— Eqisp (SAPT)
e Egisp (vdW-QDO)
—— Ecxc (SAPT)
#- Eexe (vVdW-QDO)
——

= Eeist (SAPT) 5
2 £
) X,
W 2 —e— Ref. CCSD(T)
2 W, —v— PBE0+TS
—+— PBEO+MBD
=4 —e— DFTB3+MBD
3 —=— vdW-QDO
-6 —e— vdW-QDO corr.
T 7T T T T
09 10 11 125 15 2. 09 10 11 125 1.5 2.0
Intermolecular distance Intermolecular distance

FIG. S6: The same as Figure S5 for pentane, neopentane-pentane, and neopentane dimers.
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FIG. S7: The same as Figure S5 for cyclopentane-neopentane, cyclopentane, and ethene-pentane dimers.
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